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Abstract

Combinatorial method is a very effective method to study Karp conjecture. The
combinatorial method was first used to prove that many graph properties are elusive.
An important combinatorial technique developed during this period was summarized
by Milner and Welsh as the Milner-Welsh Theorem, which has an important application
in determining the complexity of decision trees of graphic properties. In this paper, we
give two important propositions about the Milner-Welsh theorem, and use these
propositions to judge the elusive of the connectivity of graphs.
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1. Introduction

[t is well known that graph theory has extensive applications in many areas. An important thing
concerning to application is to treat graph with computer. Usually, a graph can be installed into
a computer by encoding the entries of the triangular part of its adjacency matrix. One problem
arising naturally is: Can we detect whether a graph G has some specific property without
decoding all the entries of the upper triangular part of its adjacency matrix? That is, given a
graph property P on n vertices, must it take n(n — 1)/2 queries in the worst case to determine
whether a graph G is in P? People guess the answer is yes when P is nontrivial and monotone.
This is the well-known Karp conjecture which is still open and becomes a well-known difficult
problem in computational complexity theory.

2. Preliminary

Definition 2.1 [1] A Boolean function is a function whose variable values and function value all
are in {0,1}.

There are three main operations in Boolean function, which are x V y, x A y and x. We call vas
disjunction, Aas conjunction, and x as negation operation, please refer Table 1 for their
definitions. Anyone of Boolean function can be expressed by three kinds of operations, which
are disjunction, conjunction and negation operation. For example, Boolean function f(x, y) is:
flx,y) = (X Ay)V (x Ay). For simplicity, we mark x Vy and x A y as x + y and xy, thus the
Boolean function that listed above can be expressed as f(x,y) = Xy + xy.

Table 1. Main Operation of Boolean Function

X y Xty Xy X
0 0 0 0 1
0 1 1 0 1
1 0 1 0 0
1 1 1 1 0
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An assignment for a Boolean function is a mapping from its variables to {0,1}, each variable gets
one value from the assignment. For n variables function f (x4, x5,+:*, x,), the number of its
assignment is 2™.

Definition 2.2 [1] An assignments that makes f (x4, x5,:+, x,,) = 1 we call it a true-assignment,
and an assignment that makes f (x4, x5, **, x,,) = 0 we call it a false-assignment.

Besides the function expression, Boolean function can also be expressed by using binary tree
which have special labels. A decision tree of a Boolean function, is a rooted binary tree, whose
non-leaf vertices are labeled by its variables, and leaves are labeled by 0 and 1. On every path
that from root to leaf (called root leaf path for short), a variable appears no more than once,
and, the two edges that from every inner vertex to its children also be labeled by 0 and 1
respectively. Give a group of variable assignments, and the corresponding function value can
be calculated as below rules: start from root, and investigate the vertex. If its label is variable,
while x; = 0, then go down along the side labeled 0; While x; = 1, then go down along the side
labeled 1 until to a leaf, the label of the leaf is function value. As show in Figure 1, One of the
decision trees of Boolean function f (x5, X13,X23) = X12X13 + X12X23 + X13X53.

Definition 2.3 [1] A decision tree of a Boolean function, is a rooted binary tree, whose non-leaf
vertices are labeled by its variables, and leaves are labeled by 0 and 1.

Definition 2.4 [1] The depth of a decision tree is the maximum length of all paths from root to
leaves.

For Boolean function f(xq, x5, -+, x,,) whose variable number is n, it has limited numbers of
decision trees, the number of them is C}(C1_,)2(C1_,)* -+ (C})?" *all together.

1 0 1 0

Figure 1. One of the decision trees of Boolean function f (x5, X135, X23) = X12X13 + X12X33 +
X13X23

Definition 2.4 [1] The decision tree complexity of f is the minimum depth of all decision trees
for computing f, denoting by D(f).

Definition 2.5 [1] A Boolean function f is said to be elusive if D(f) = n.

Definition 2.6 [1] A graph property is monotone decreasing if and only if it satisfies the
following conditions: if a graph has the property, then all its subgraphs have the property;
Conversely, a graph property is monotone increasing if and only if it satisfies the following
condition: a graph has this property if its subgraphs have this property.

Definition 2.7 [1] Simple Strategy means: if the mark on the edge of the decision tree is always
0 on the left and 1 on the right, then the simple strategy can be vividly described as: keep going
left from the tree root down, unless going left meets leaves marked 0, then it will go right once.
From the definition of the Simple Strategy, we can know that the leaf markers of root and leaf
paths found by the Simple Strategy method are all labeled by 1.
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Milner-Welsh Theorem [1] A graph property of nonempty monotone decreasing is elusive if it
satisfies the following conditions: for any graph G with the property and any edge e of the graph
G, e'can always be found, such that (G — e) U e’ still retains the property.

The Milner-Welsh theorem is given on the graph property of monotone decreasing, and it is a
special case of Theorem 3.1 below.

3. Main Results

First let's introduce two notations. Let y be a set of assignments to the variable x of some
Boolean function. Z(y) is the set of variables assigned to 0, and B s the set of variables assigned
to 1.

Theorem 3.1 A sufficient condition that the decision tree of a Boolean function can always find
root and leaf paths containing all variables by the Simple Strategy is that: for any set of true
assignment y and variable x; € Z(y), there exists another set of true assignment z and variable
xj € U(y), such that (U(y) — {xj}) U {x;} D U(z). This condition is also necessary if the Boolean
function is monotonically increasing.

Proof: If a root-leaf path is found using a simple strategy, its leaf marker must be 1. Let y be the
true assignment consistent with the root-leaf path and make the assignment of variables that
do not appear in the root-leaf path 0. That is to say, for any variable x; that does not appear on
the root leaf path, there is x; € Z(y). By the condition, there is a variable x; € U(y) and another
set of true assignment z, such that (U(y) — {xj}) U {x;} D U(2). Further, let's say that x; is the
first variable in U(yy)\U(z) that appears on the above root leaf path. This means that before x;,
the assignment of the variable on the root leaf is the same as z. Notice that z is true assignment.
In this way, when x; is assigned with the value 1, even if x;j is assigned with the value 0, the
function value will not be 0. This contradicts the definition of a simple strategy. So that proves
the sufficiency of the condition.

To prove the necessity of the condition, let a set of true assignment y and a variable x; € Z(y)
exist for some monotone increasing Boolean function, such that no true assignment z satisfies
(U(y) — {x]-}) U {x;} D U(z2) for any variable x; € U(y). This means that if variables other than

(U(y) — {x]-}) U {x;} 2 U(2) are 0, the value of the function will be 0. Now, we construct a
decision tree whose first layers are marked by variables in Z(y) — {x;}, and each subsequent
layer is marked by variables in U(y). When using a simple strategy to find the root path, since
y is the true assignment, the variable in Z(y) — {x;} must be assigned to 0. After that, every
variable in U(y) is encountered, and since assigning 0 will result in the function being 0, it must
assign 1. When all the variables in U(y) are assigned 1, the function is monotonically increasing,
so the value of the function must be 1, that is, the road ends. However, the variable x; has not
yet appeared on the road, which proves the necessity of the condition.

Here, we conduct in-depth and detailed research on Milner-Welsh Theorem and Theorem 3.1.
Based on the proving process of the two theorems, this paper can conclude the following two
propositions:

Propositions 3.1 The variable x; must come after the variable x; in the root path of all variables
found by the Simple Strategy (here the variables x; and x; have the same referent meaning as
x;and x; in Theorem 2.1). Before and after means that x; is closer to the root than x;).

Proof: Converse proof: if not, if x; appears before x;, then assigning x; to 0 will not result in the

function value being 0, which is inconsistent with the definition of Simple Strategy, and thus the
assumption is not valid. The variable x; must come after the variable x;.

Propositions 3.2 For true assignment z, there must be x; € U(2).
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Proof: Proof by contradiction. Assume x; & U(z), then (U(y) — {x;}) © U(2). Thus, in the true
assignment Y, even if the variable x; is assigned to 0, the assignment obtained is still the true
assignment. So on the root path found with the simple strategy, even if you assign x; to zero, it
will not make the function zero, which contradicts the definition of the simple strategy. So the
hypothesis doesn't work. So the x; € U(z).

From Propositions 3.1, we know that after arbitrary true assignment y and variable x; are set,
select x; is to select the variable after x; on the root-leaf path to verify whether the conditions

required by the Simple Strategy are met. From Propositions 3.2, we can know that when
another true assignment z is selected, the true assignment z containing x; in U(z) should be
selected to verify whether the conditions required by the simple strategy are met. Knowing
these two points, when we are verifying whether the Boolean function given satisfies the
conditions required by the simple strategy, we can select the variable x; and the true
assignment Z purposefully for verification, so as to make the verification process more
purposeful and then simplify the verification process. It can be seen that the two inferences
proposed in this paper have strong practical value when using Theorem 2.1 to prove the elusive
function.

4. Application

In this paper, we apply the Milner-Welsh Theorem to prove that the connectivity of graphs is
elusive.

Proof: Let any connected graph G and any edge e;;outside the graph, by the connectivity of

graph G, there exists a path from vertex i to vertex j. In this path, take one edge ey, remove the
edge ey, and connect the vertices i, j. Since there is a path between vertex k and vertex i, and a
path between vertex h and vertex j, there is still a path from vertex h to vertex k in graph
(G — exn) U e;;. So the graph (G — eyp,) U ¢;; is connected. The Milner-Welsh Theorem shows

that the connectivity of graphs is a elusive graph property.

5. Conclusion

This paper propose two important propositions about the Milner-Welsh theorem and use them
to judge the paradoxical nature of the connectivity of graphs.
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